In this paper we give the Bohr-Sommerfeld-Heisenberg quantization of the mathematical pendulum.
Introduction
The phase space of a completely integrable Hamiltonian system has a foliation by isotropic tori. On an open dense subset the foliation is regular and has local action-angle variables. The action variables parametrize the set of the Lagrangian tori of the foliation, while angle variables parametrize the individual Lagrangian tori.
Bohr's quantization of the harmonic oscillator [1] and Sommerfeld's study of the relativistic hydrogen atom [19] were early successes of quantum theory. Their approach has been applied successfully to other completely integrable systems. Bohr-Sommerfeld conditions predict quite accurately the spectra of quantum operators corresponding to the action variables.
In geometric quantization, wave functions are sections of the prequantization line bundle that are covariantly constant along the chosen polarization. For a completely integrable system, we would like to choose the singular polarization given by the isotropic tori. Even in the region where this polarization is regular, there need not exist smooth sections of the prequantization line bundle that are covariantly constant along all the tori of the polarization. In [16] Śniatycki showed that the Bohr-Sommerfeld conditions identify a discrete family of tori, called Bohr-Sommerfeld tori, which support non-vanishing covariantly constant distribution sections. He considered the space of quantum states to be a separable Hilbert space H generated by a basis consisting of covariantly distribution sections supported on individual Bohr-Sommerfeld tori. This approach was used by Guillemin and Sternberg in their study of the completely integrable Gelfand-Cetlin system [10] . An alternative description of the space of quantum states as elements of higher cohomology groups was proposed by Kostant [14] . Under strong regularity conditions, Śniatycki [16] showed that both approaches to the space of quantum states of a completely integrable system are equivalent. Subsequent generalizations of these results were studied by Hamilton [11] , Hamilton and Miranda [13] , and Solha [18] . In [12] Hamilton and Konno constructed a family of complex structures on a complex flag manifold that converges to the real polarization by tori coming from the Gelfand-Cetlin system. The results mentioned above give better insight in the structure of the space of quantum states in the Bohr-Sommerfeld theory. However, they do not address its main weakness: namely, its inability to quantize any functions that do not commute with the actions. In 1925, Heisenberg formulated his guiding philosophical principle, which Dirac described in 1975 [8] , see also [15, p.261 ], as follows:
The great advance was made by Heisenberg in 1925. He made a very bold step. He had the idea that physical theory should concentrate on quantities which are very closely related to observed quantities. Now, the things you observe are only very remotely connected with the Bohr orbits. So Heisnberg said that the Bohr orbits are not very important. The things that are observed, or which are connected closely with the observed quantities, are all associated with two Bohr orbits and not with one Bohr orbit: two instead of one.
In geometric quantization, we associate quantum operators to smooth functions. Therefore, following Heisenberg's idea, we need to find functions such that the corresponding operators would lead to transitions between Bohr-Sommerfeld states. Cushman and Duistermaat [4] showed that the Bohr-Sommerfeld conditions define a local lattice structure in the basis of H. If this lattice is regular and global then shifting of the basis vectors along the lattice direction A k can be interpreted as quantization of functions exp(±iϑ k ), where ϑ k is the angle corresponding to the action A k [5] . Thus, for a global regular lattice of quantum states, we would have a family of functions exp(±iϑ k ) such that the corresponding operators and their products act transitively on the basis of the space of quantum states. This would fullfil Heisenberg's guiding philosophical principle.
Physical systems do not give rise to a global regular lattice of quantum states. There are always some singularities present. Even the harmonic oscillator with one degree of freedom has a singularity at the origin, where Bohr's orbit reduces to a fixed point. For hamiltonian systems with monodromy the lattice of quantum states is only local [4] .
The objective behind our program of Bohr-Sommerfeld-Heisenberg quantization of a completely integrable Hamiltonian system is 1. to retain the basis of the space H of quantum ststes given by Bohr-Sommerfeld orbits; 2. to determine shifting operators on H that act transitively on the Bohr-Sommerfeld basis of H; 3. if possible, interpret each of these shifting operators as Dirac's quantization of a smooth function on the phase space of the system.
The mathematical pendulum has a Z 2 symmetry given by multiplication of the angle and the conjugate momentum by −1. Its fixed points are the equilibria of the pendulum. We lift this action to a connection preserving action of Z 2 on the prequantization line bundle. For energy higher than the energy of the unstable equilibrium, the Bohr-Sommerfeld energy levels consists of two disjoint tori and the action of Z 2 interchanges these tori. For energy lower than the energy of the unstable equilibrium, the quantum number of a Bohr-Sommerfeld energy level gives the number of Z 2 -orbits in the graph of the basic vector in H corresponding to this energy level.
The energy level of the unstable equilibrium divides the phase space of the pendulum into three domains. Construction of operators that shift between quantum states with supports in the same domain is fairly straightforward. To define shifting operators that cross the energy of the unstable equilibrium we have to consider even and odd quantum numbers separately.
The Z 2 -symmetry of the mathematical pendulum lifts to a covering Z 2 symmetry of the trivial prequantum line bundle ρ : L → T * S 1 in two different ways: one which leaves each point in each fiber fixed and the other which mulitplies each point in each fiber by −1. Removing a suitable subset of L, the Z 2 orbit space is again a line bundle over a smooth manifold P × , which is the orbit space of the Z 2 -action on the phase space of the mathematical pendulum less two points for the first Z 2 -action; and P ∨ , which the orbit space less a line segment joining the singular points of the orbit space of the Z 2 -action on the phase space for the second action. On each of these reduced line bundles there is a connection. Thus the corresponding Z 2 -reduced Hamiltonian systems have Bohr-Sommerfeld-Heisenberg quantizations. We show that their reconstructions give rise to the even and odd Bohr-Sommerfeld-Heisenberg quantum spectrum, respectively.
The classical mathematical pendulum

The basic setup
We consider the classical mathematical pendulum, which is a Hamiltonian system on T * S 1 = R × S 1 = R × (R/2πZ), the cotangent bundle of the circle S 1 with coordinates (p, α), symplectic form ω = dp ∧ dα, and 1-form θ = p dα. The Hamiltonian 1 of the system is
The Hamiltonian vector field X H of H satisfies X H (dp ∧ dα) = −p dp − sin α dα so that
Its integral curves are solutions of Hamilton's equations dp dt = − sin α and dα dt = p.
The Hamiltonian H has two critical points: one at (0, 0) with H(0, 0) = 0 and the other at (0, π) with H(0, π) = 2. These correspond to a stable elliptic and an unstable hyperbolic equilibrium point of X H , respectively. 1 We have added the constant 1 to the usual Hamiltonian so that near its minimum value the quadratic terms of our Hamiltonian are the Hamiltonian of the harmonic oscillator.
Action-angle coordinates
In this subsection we find action-angle coordinates (I, ϑ) for the mathematical pendulum. First, we introduce the action function I on T * S 1 such that for every energy level H −1 (e), the restriction of I to H −1 (e) is I(e) = I |H −1 (e) = 1 2π
Before giving explicit expressions for I and ϑ we compute the Poisson bracket {I, ϑ} as follows:
since ω = dθ and H −1 (e) is parmetrized by a periodic integral curve γ of X H of period T = T (e), which we reparmetrize using ϑ = 2π T t. Because the matrix of the symplectic form ω in action angle coordinates is 0 {I, ϑ} {ϑ, I} 0
it follows that ω = dI ∧dϑ. Similarly, the Poisson bracket {I, H} is computed as follows:
since the curve γ is closed. Thus I is constant on the integral curves of X H . So I is constant on H −1 (e). Consequently,
We now give explicit expressions for the action I and the angle ϑ of the mathematical pendulum. There are two cases.
We denote by I 0 the restriction of I to the region P 0 = {(p, α) ∈ T * S 1 | H(p, α) < 2}. Because (0, 0) is a nondegenerate minumum of the Hamiltonian H with minimum value 0, for e near 0 the level set H −1 (e) is diffeomorphic to a circle S 1 . From the Morse isotopy lemma it follows that for every e with 0 < e < 2 the level set H −1 (e) is diffeomorphic to a circle. By definition
where e = 1 − cos α ± , which implies that α − = −α + , since cos is an even function. Therefore We now find the corresponding angle ϑ 0 . By definition
where T = T (e) is the period of the motion of the mathematical pendulum on H −1 (e). From Hamilton's equations it follows that
Again we check some limiting cases. First, when e 2 we find that T ∞. So ϑ 0 0. Second, when e 0 we get T 4 π/2 0 dϕ = 2π. So ϑ 0 2ϕ = α, which checks with the angle given by the harmonic oscillator.
Case 2. e > 2. First we find the restrictions I ± of I to the regions P ± = {(p, α) ∈ T * S 1 | H(p, α) > 2, ± p > 0}. Because (0, π) is a nondegenerate critical point of Morse index 1 of the Hamiltonian H with critical value 2, for e > 2 but near to 2 the level set H −1 (e) is diffeomorphic to the disjoint union of two circles C ± (e). By the Morse isotopy lemma it follows that for all e > 2 the level set H −1 (e) is diffeomorphic to C − (e) C + (e). By definition
We check two limiting cases. When e 2, lim e 2 I ± (e) = , which is one half of the action I at e = 2 (6). This is correct because as e 2 the component C ± (e) of H −1 (e) converges to H −1 (2) ∩ {±p ≥ 0}. When e ∞, we get I ± ∼ √ 2e.
We now find the corresponding angle ϑ. By definition
dϕ.
where T ± = T ± (e) is the period of the motion of the mathematical pendulum on H −1 (e). From Hamilton's equations it follows that
Again we check some limiting cases. First, when e 2 we find that T ± ∞. So ϑ ± 0. Second, when e ∞ we get
. So ϑ ∼ 4ϕ = 2α.
It follows from the above discussion that the action function I, defined by equation (4) is continuous on T * S 1 . However, I(e) is not smooth at e = 2, see Dullin [9] .
Elements of geometric quantization
In this section, we review the elements of geometric quantization applicable to the mathematical pendulum following [17] .
where is Planck's constant h divided by 2π and θ = p dα is the canonical 1-form on T * S 1 . Since ω = dθ, it follows that the curvature of the connection ∇ is −1 2π ω. We consider the geometric quantization of the mathematical pendulum with respect to the singular polarization D of T * S 1 consisting of all integral curves of the Hamiltonan vector field X H (2) associated to the Hamiltonian function H (1). This means that quantum states of the mathematical pendulum are sections of the prequantization line bundle L that are covariantly constant along D. For e / ∈ {0, 2}, the leaves of D are smooth and are topologically circles, see (7) and (8) . Moreover, this polarization has singularities consisting of the equilibrium points (0, 0) and (0, π) of X H and two homoclinic orbits of X H , which have (0, π) as a common boundary. Therefore, we are extending geometric quantization to a singular polarization, which leads to the difficulties encountered here.
Bohr-Sommerfeld conditions
Consider an integral curve γ : R → T * S 1 : t → γ(t) = p(t), α(t) of the Hamiltonian vector field X H . Suppose that e = H(γ(t)) is not 0 or 2. Then, γ is periodic with period T = 0. The cases when e = 0 and e = 2 will be discussed separately.
Let σ : T * S 1 → L be a section of the prequantization line bundle that is covariantly constant along D. Then γ * σ : R → L is a horizontal lift of γ to L. γ * σ is periodic with period T if either the restriction of the connection ∇ to the image of γ has trivial holonomy group, or σ restricted to the image of γ is identically zero. Thus, a section σ : T * S 1 → L, which is covariantly constant along D, vanishes identically along all every integral curve γ of X H , unless the holonomy group of ∇ restricted to image γ is trivial, H(γ(t)) = 0 or H(γ(t)) = 2. 
Proof. Consider an integral curve γ : R → T * S 1 : t → γ(t) = p(t), α(t) of the Hamiltonian vector field X H . It satisfies Hamilton's equations (3).
Suppose that e = H(γ(t)) ∈ (0, 2). Then, the curve γ is periodic with period T , see (7) . Let
be a horizontal lift of γ. Then the covariant derivative
Here the + sign corresponds to α ∈ [0, α + ] and the − sign corresponds to
. Integrating (11) from α − to α + and using the fact that cos is an even function, we get
by equation (5) . The horizontal lift γ of the closed curve γ is a closed curve in the line bundle L if and only it z(α + ) = z(α − ). Since ln is a multivalued function and ln 1 = 2πni, it follows that γ is a closed curve in L if and only if we have I |H −1 (e) = n . For e > 2, H −1 (e) = C − (e) ∪ C + (e), and there are integral curves γ − and γ + of X H such that where C − (e) is the image of γ − and C + (e) are image of γ + . The same argument as in the preceding paragraph shows that the horizontal liftγ − of γ − is a closed curve in L if and only if I − (e) = m − h, where m − is an integer. Similarly, the horizontal lift γ + of γ + is a closed curve in L if and only if I + (e) = m + , where m + is an integer. Since I − (e) = I + (e), it follows that m − = m + . Moreover, I − (e) = I |im γ − (e) and I + (e) = I |im γ + (e).
Equation (10) gives the Bohr-Sommerfeld conditions discussed in the introduction. The action integral is independent of the parametrization of γ within its orientation class. However, the change of orientation of γ would lead to the change from n to −n. Therefore, the Bohr-Sommerfeld condition (10) depends only on the image of γ. In the following, we shall refer to the image an integral curve γ of X H that satisfies equation (10) as a BohrSommerfeld torus. The integer n on the right hand side of equation (10) is called the quantum number of the corresponding Bohr-Sommerfeld torus. Since integral curves of X H preserve the Hamiltonian H, we may rewrite equation (10) in the form
where C(e) is a connected component of the energy level H −1 (e). Thus, Bohr-Sommerfeld conditions (10) impose conditions on the energy. The set of values of the energy allowed by Bohr-Sommerfeld conditions is interpreted as the quantum energy spectrum of the system.
From the discussion preceding Theorem 1 it follows that a section σ of the prequantum line bundle, which is covariantly constant along D, has support contained in the union of Bohr-Sommerfeld tori and the energy levels H −1 (0) and H −1 (2) . Since H −1 (0) is a critical point, the restriction of σ to H −1 (0) is the value of σ at H −1 (0) which is not restricted by the condition that σ is covariantly constant along D. Thus, we may allow the value e = 0 in equation (12) , and consider H −1 (0) as a singular Bohr-Sommerfeld torus corresponding to the quantum number n = 0. The energy level H −1 (2) is the union of two homoclinic orbits γ ± : R → T * S 1 of X H and the unstable equilibrium point (2, 0). If σ is a section of L that is covariantly constant along D, then the restrictions of σ to γ + and γ − are unrestricted because the homoclinic orbits γ ± are not closed. As in the case of e = 0, the value of σ at (2, 0) is unrestricted. However, if we require that σ restricted to H −1 (2) is continuous, we would encounter an obstruction in the form of the holonomy group of the restrictions of ∇ to the circles C ± (2) = im γ ± ∪ {(2, 0)}. The results of section 2.2 give
π . Thus, the circles C ± (2) satisfy Bohr-Sommerfeld conditions (12) if n = 4 π , that is, h = 8/n is a rational number. In the quasiclassical approximation of the Schrödinger equation, Planck's constant h is treated as a continuous parameter, which excludes the condition that it is of the form 8/n. Moreover, Condon [2] has analyzed solutions of the Schrödinger equation for the mathematical pendulum and has concluded that the the energy level e = 2 is not in the quantum energy spectrum. Therefore, throughout this paper, we assume the following.
Condition 2
The energy level e = 2 is not in the quantum energy spectrum. .
So we obtain
It follows from the preceding discussion, that a section of the prequantization line bundle that is covariantly constant along D has its support in the union of Bohr-Sommerfeld tori. Since the union of Bohr-Sommerfeld tori has empty interior, such sections can be smooth only in the sense of distributions. Therefore, we adopt the following definition.
Definition 4 A quantum state of the mathematical pendulum is a section σ of the prequantization line bundle L, whose support lies in the union of BohrSommerfeld tori, such that for each Bohr-Sommerfeld torus C the restriction σ |C of σ to C is a smooth covariantly constant section of L |C .
Let H be the space of quantum states of the mathematical pendulum. For each Bohr-Sommerfeld torus C, we choose a non-vanishing smooth covariantly constant section σ of L |C . The family {σ |C } is a basis of H, which we shall refer to as a Bohr-Sommerfeld basis. Give H a hermitian scalar product (· | ·) so that the Bohr-Sommerfeld basis {σ |C } is orthonormal. Thus, we have obtained a Hilbert space structure of the space of states of the mathematical pendulum. Note that this structure is not uniquely determined by the geometry of the classical phase space. We have the freedom of multiplying each basis vector σ |C by a positive number.
if it is constant on Bohr-Sommerfeld tori. Bohr-Sommerfeld quantization assigns to a quantizable function f a linear operator Q f on H such that, for each Bohr-Sommerfeld torus C,
Observe that the operators Q f corresponding to Bohr-Sommerfeld quantizable functions f are diagonal in the Bohr-Sommerfeld basis. Since the Bohr-Sommerfeld tori are closed and mutually disjoint, for any function C → λ C on the collection of Bohr-Sommerfeld tori, there exists a function f ∈ C ∞ (T * S 1 ) such that f |C = λ C . Thus, each basis vector σ |C is an eigenvector of the operator Q f corresponding to an eigenvalue λ C .
5 Bohr-Sommerfeld-Heisenberg quantization
Local formulation
In order to identify non-diagonal operators that could be associated to functions on T * S 1 , we need to study of the structure of the Bohr-Sommerfeld basis {σ |C }.
The energy level
. Let H 0 be the subspace of H consisting of sections with support in P 0 . Similarly, let H ∓ be the subspaces of H consisting of sections with support in P ∓ . Then
respectively.
First consider the space H 0 of states with support in P 0 . It corresponds to Bohr-Sommerfeld quantization of the symplectic manifold (P 0 , ω |P 0 ). Actionangle coordinates in P 0 are I 0 and ϑ 0 computed in §2.2. They satisfy the Poisson bracket relation {I 0 , ϑ 0 } = −1, which implies that
The action I 0 is Bohr-Sommerfeld quantizable and we denote by Q I 0 the corresponding operator acting on H 0 . Bohr-Sommerfeld tori in P 0 can be labelled by their quantum numbers n = 0, ..., N. Thus
Moreover, equation (12) implies that eigenvalues of Q I 0 are proportional to quantum numbers; that is,
where is Planck's constant divided by 2π. Equation (15) shows that the Bohr-Sommerfeld basis {σ |C } 0 of H 0 has a lattice structure. We can use this structure to define shifting operators a 0 and b 0 so that
Equations (16) and (17) imply that the operators a 0 and b 0 satisfy the commutation relations
Similarly, the Bohr-Sommerfeld tori in P ± can be labelled by the corresponding quantum numbers m ≥ M , where 2M is the smallest even integer greater or equal to N + 1, see corollary 3. In other words,
Hence, the Bohr-Sommerfeld basis {σ |C } ± of H ± has a lattice structure
where
As before, we may introduce shifting operators a ± and b ± in H ± such that
which satisfy the commutation relations
In order to identify functions, whose quantization leads to operators a 0 , b 0 , a ± and b ± that satisfy commutation relations (18) and (23), we use Dirac's quantization rule
The choices
are consistent with Dirac's quantization rule (24).
Proof. Equations (24) and (14) yield
and
Therefore, setting a 0 = Q e −iϑ 0 , b 0 = Q e iϑ 0 , we get equation (18) . Similarly, the choices a ± = Q e −iϑ ± , b ± = Q e iϑ ± lead to equation (23).
Note that Dirac formulated his quantization rule (24) for real valued smooth functions and assumed that the corresponding quantum operators were selfadjoint [7] . Here, we extend his rule to smooth complex-valued functions which lead to non self-adjoint operators. This extension is similar to allowing quantization in terms of a complex polarization.
In Fact 6, we ignore the fact that the lattices {σ 0 n } and {σ ± m } are bounded due to the presence of singularities. In particular, there are no Bohr-Sommerfeld tori in P 0 with quantum numbers −1 and N + 1. Similarly, there are no Bohr-Sommerfeld tori in P ± with quantum number M − 1. Therefore, we have to make sense of the right hand sides of equations
that occur in (17), (21) and (22).
Globalization of actions and angles
Recall that the action I defined by equation (4) is continuous across the singular energy level set H −1 (2) but it is not smooth there. We have
Proposition 7 i) There exists ε > 0 such that the set H −1 ((2 − ε, 2 + ε)) does not contain Bohr-Sommerfeld tori. ii) There exist smooth functions A + and A − on T * S 1 such that
Here O(∞) means that the function and all of its derivatives vanish when the condition is fulfilled.
Proof. By assumption, the energy level set H −1 (2) does not satisfy BohrSommerfeld conditions. Since the union of the Bohr-Sommerfeld tori is nowhere dense, there exists ε > 0 such that H −1 ((2 − ε, 2 + ε)) does not contain Bohr-Sommerfeld tori. Consider functions ρ ± ≥ 0 that are constant on integral curves of Hamiltonian H and satisfy the following conditions
The product
is a smooth function on T * S 1 that satisfies condition (ii).
It follows from equations (27) functions A ± are extensions of the action functions I 0 , and 2I ± to the whole T * S 1 . Moreover,
Similarly,
Therefore, the restrictions of A ± to the complement of H −1 ((2−ε, 2+ε)) separate Bohr-Sommerfeld tori, and the quantum numbers of Bohr-Sommerfeld tori are determined by eigenvalues of Q A ± :
Next, we extend the exponential functions e −iϑ 0 , and e −iϑ ± to smooth functions R ± e −iΘ ± on T * S 1 . Let r be a non-negative function of energy that vanishes to infinite order at e = 0 and is equal 1 for all e ≥ ε, where ε > 0 is chosen small enough so that the set H −1 ((2 − ε, 2 + ε)) does not contain Bohr-Sommerfeld tori. Then, the products R ± = ρ ± r are non-negative, smooth and satisfy the conditions
We consider extentions of the exponential functions e −iϑ 0 , and e −iϑ ± defined as R ± e −iΘ ± , where Θ ±|P 0 = ϑ 0 , Θ ±|P ± = ϑ ± , and Θ ±|P ∓ = 0. They are well defined and smooth because R ± = R η vanishes to infinite order at e = 0 and e = 2. Moreover,
Shifting operators
We want to describe the lowering operators operators Q R ± e −iΘ ± and the raising operators Q R ± e iΘ ± on H corresponding to the function R ± e −iΘ ± and R ± e iΘ ± , respectively. We have to consider two cases depending on the parity of N.
Even
The Poisson bracket relations of A ± and R ± e −iΘ ± evaluated on Bohr-Sommerfeld tori are
On the other hand, for m ≥ M,
Therefore, the Dirac quantization rule (24) gives the following commutation relations for the quantum operators Q R ± e −iΘ ± corresponding to R ± e −iΘ ± :
Thus the operators Q R ± e −iΘ ± lower eigenvalues of Q A ± by , when they are evaluated on σ 0 n for 0 < n ≤ N , and by 2 , when they are evaluated on σ ± m for m ≥ M . Because Q R ± e −iΘ ± σ 0 n is proportional to σ 0 n−1 for 0 < n ≤ N , we make the identification
For n = 0, this identification yields
because r(0) = 0 and there is no basis vector σ 0 −1 . Similarly, for m > M , we may set
because R ± vanishes on C ± m . It remains to determine the action of
This implies that Q R ± e −iΘ ± σ ± M corresponds to the quantum number N . Hence, it is a multiple of σ 0 N , and we make the identification
Equations (38), (40) and (41) define the action of the lowering operators on the Bohr-Sommerfeld basis of H.
Since R ± e iΘ ± is the complex conjugate of R ± e −iΘ ± , we may define the raising operators as the adjoints of the lowering operators. In other words, we set
. Straightforward computations give
It should be noted that we cannot extend equation (42b) to n = N because N + 1 is not the quantum number of a Bohr-Sommerfeld torus. On the other hand, equation (41) gives
Odd N
In this case we can define the raising operators Q R ± e iΘ ± by equations (42a), (42b) and (43). Note that, since N is odd, then N + 1 = 2M and raising the quantum number of σ 0 N by 1 leads to the quantum number of σ ± M . The choice of sign ± corresponds to the sign used in R ± e iΘ ± .
The lowering operators Q R ± e −iΘ ± can be defined as the adjoint oparators of the raising operators; that is,
. This leads to
for 0 < n ≤ N . In order to obtain an expression for Q R ± e −iΘ ± σ 0 0 , observe that, for 0 ≤ n ≤ N we get
Moreover,
Hence, Q R ± e −iΘ ± σ 0 0 is orthogonal to all elements of the Bohr-Sommerfeld basis, which implies that Q R ± e −iΘ ± σ 0 0 = 0.
Z 2 -symmetry
The mathematical pendulum has a Z 2 -symmetry, which is generated by
ζ preserves the Hamiltonian H, the 1-form θ, and the 2-form ω. A connected set ∆ of T * S 1 is a fundamental domain for the Z 2 -symmetry generated by ζ (44) if it contains exactly one point of each Z 2 orbit on T * S 1 .
Claim 8 The set
} is a fundamental domain for the Z 2 -symmetry generated by ζ.
which are the fixed points of the Z 2 -action.
Look at ∆ ⊆ T * S 1 and identify the points on its boundary which lie on the same Z 2 -orbit. The resulting space is a model for the orbit space T * S 1 /Z 2 .
Invoking the singular reduction theorem and using the concept of a differential space, see Cushman and Bates [3] , we construct the Z 2 -orbit space P = T * S 1 /Z 2 using invariant theory.
The algebra of real analytic functions on T * S 1 , which are invariant under the symmetry group Z 2 is generated by
These invariant functions are subject to the relation
which defines the Z 2 -orbit space T * S 1 /Z 2 = P as a semialgebraic variety in R 3 with coordinates τ = (τ 1 , τ 2 , τ 3 ). The Z 2 -action on T * S 1 has two fixed points p 0 = (0, 0) and p 2 = (π, 0). So P has two singular points p 0 = (1, 0, 0) and p 2 = (−1, 0, 2), which are conical. The set of nonsingular points of P is the smooth manifold
proper smooth submersion π × : T × S 1 → P × , which is a 2 to 1 covering map.
Since the Hamiltonian H of the mathematical pendulum is invariant under the Z 2 -symmetry, it induces a smooth function on P given by H| P where
In order to have dynamics on the Z 2 -reduced space P we first need a Poisson bracket { , } R 3 on C ∞ (R 3 ). A calculation shows that
Then for every F , G ∈ C ∞ (R 3 ) we have
where , is the Euclidean inner product on R 3 and × is the vector product.
We say that a function f on P is smooth if there is a smooth function F on R 3 such that f = F | P . Let C ∞ ( P ) be the space of smooth functions on P . Then ( P , C ∞ ( P )) is a differential space, which is locally compact and subcartesian because P is a semialgebraic variety. On C ∞ ( P ) define a Poisson bracket { , } P as follows. Suppose that f, g ∈ C ∞ ( P ). Then there are F, G ∈ C ∞ (R 3 ) such that f = F | P and g = G| P . Let {f, g} P = {F, G} R 3 | P . Because of (47) the defining function C (46) of the orbit space P is a Casimir in the Poisson algebra A = (C ∞ (R 3 ), { , } R 3 , ·), the collection I of all smooth functions on R 3 , which vanish identically on P , is a Poisson ideal in A. Consequently, the Poisson bracket { , } P is well defined. So
Consider the derivation −ad H on the Poisson algebra A. This derivation gives rise to the Z 2 -reduced Hamiltonian vector field X H on the locally compact subcartesian differential space ( P , C ∞ ( P )) associated to the Z 2 -reduced Hamiltonian H| P . On R 3 the integral curves of −ad H satisfẏ
The equalityτ 3 = 0 shows that H is an integral of X H . The function C (46) is also an integral of X H , becausė
A calculation shows that −ad H leaves the sets C −1 (0), {τ 3 + τ 1 − 1 = 0}, and {τ 1 = ±1} invariant. Thus the reduced space P is invariant under the flow of −ad H . Consequently, the reduced Hamiltonian vector field X H on P is −ad H| P . Because the Hamiltonian vector field X H of the mathematical pendulum is complete, the reduced vector field X H is complete. Its flow ϕ H t is a 1-parameter group of diffeomorphisms of P . In fact, for p ∈ H −1 (e) the closure of the integral curve {ϕ H t (p) ∈ P t ∈ R} is a connected component of the level set H −1 (e), since a level set of the reduced Hamiltonian H is compact.
ant under the Z 2 -action. Since T × S 1 is a smooth manifold, which is also Z 2 -invariant, the 1-form θ × is Z 2 -invariant. Hence θ × pushes down under the Z 2 -orbit map π × : T × S 1 → P × to a 1-form θ × on the smooth manifold
Here are explicit expressions for the 1-form θ × on P × .
Note that for i = 1, 2 we have (
Because ζ * (dp ∧ dα) = d(−p) ∧ d(−α) = dp ∧ dα, the canonical 2-form ω = dp ∧ dα = dθ on T * S 1 is invariant under the Z 2 -action generated by ζ.
and hences pushes down to a 2-form ω × on the Z 2 -orbit space P × . Now
Since π × is surjective, we obtain ω × = d θ × . Thus ( P × , ω × ) is a smooth symplectic manifold with ω × = d θ × .
We now compute the reduced actions. On P × \ {τ 1 = ±1} the 1-form
The reduced Hamiltonian on P × is H| P × . Consequently, the reduced action I : P × \ {τ 1 = ±1} → R is
2(e + τ 1 − 1)
when 0 < e < 2 or e > 2. We now calculate the integral in (48). First we consider the case when 0 < e < 2. Letting u 2 = τ 1 − (1 − e), u = √ ev, and then v = cos ϕ, we get successively
Next we treat the case when e > 2. Letting τ 1 = cos ϑ and ϑ = 2ϕ successively, we get
Note that the reduced action e → I(e) is continuous at e = 2. Because Ω = τ 2
is a differential 1-form of the second kind on the family of elliptic curves E e : τ 2 2 = 2(1 − τ 2 1 )(e − 1 + τ 1 ), its period I = C Ω, where C is a closed contour in the cut complex which encircles both ±1, satisfies a Picard-Fuchs equation with a regular singular point at e = 2. As Dullin [9] shows, I has a logarithm term in its series expansion in e − 2, which shows I is not differentiable at e = 2.
The corresponding reduced angle ϑ is ϑ = 2π
where τ 1 ∈ [max(1 − e, −1), 1] and
.
1-representation and quantization
In the geometrically quantized mathematical pendulum we have a complex line bundle ρ :
Extend the Z 2 -action on T * S 1 , which is generated by ζ (44), to a Z 2 -action · on L, which is generated by
Since this action corresponds to the representation of Z 2 on C given by multiplication by 1, it is called the 1-representation. Given a smooth section
, its pull back by ν is the smooth section
Let Γ(ρ) be the space of smooth sections of L. Then ν * : Γ(ρ) → Γ(ρ) : σ → ν * σ generates a Z 2 -action on Γ(L). Note that the trivializing section λ 0 of L is invariant under this action.
Fact 10
The covariant derivative ∇ commutes with the Z 2 -action ·.
Proof. Because
for every smooth function f : T * S 1 → C.
The · reduced sections
The Z 2 -action · on L = C × T * S 1 ⊆ C × R 2 is generated by ν (52). Its algebra of invariant real analytic functions is generated by
which defines the Z 2 -orbit space P = L/Z 2 . The Hilbert mapping
is the orbit map of the Z 2 -action ·. The Z 2 -orbit space P is C × (T * S 1 /Z 2 ), which is a semialgebraic variety with two singular planes C×{(±1, 0, 1∓1)}.
We view P as a complex "line bundle" over the Z 2 orbit space P = T * S 1 /Z 2 with bundle projection
Here (53) is the defining relation of the Z 2 orbit space P with orbit mapping π : T * S 1 → P : (p, α) → τ (p, α). Consider the smooth manifold P × = P \ {(±1, 0, 1 ∓ 1)} of nonsingular points of P . Note that P × = T × S 1 /Z 2 , where T × S 1 = T * S 1 \ {(0, 0), (0, π)}. We get a trivial smooth complex line bundle ρ × : L × = C × P × → P × , where ρ × = µ |(C × P × ). The bundle ρ × serves as the prequantum line bundle of the mathematical pendulum reduced by the Z 2 -action ·.
We now prove
Claim 11
The mapping
is a bijective linear mapping of the space of smooth sections of the complex line bundle ρ × over P × onto the space of Z 2 -invariant smooth sections of the complex line bundle ρ × :
Here π × is the Z 2 -orbit map restricted to T × S 1 .
Proof. First we show that the mapping ( π × ) * is well defined. Consider the diagram Diagram 1.
, τ be a smooth section of the complex line bundle ρ × . Then the pull back of σ by the Z 2 -orbit map π × = π|T × S 1 is the unique smooth section σ of the line bundle ρ × , which
To see this we argue as follows. For every p, α) ). The following argument shows that the pulled back smooth section σ is Z 2 -invariant. By definition we have
where the second to last equality above follows because π × is the Z 2 -orbit map on T × S 1 . For every (p, α) ∈ T × S 1 we get
So ν * σ = σ, that is, σ is a Z 2 -invariant section of the line bundle ρ × .
Clearly the mapping ( π × ) * is linear. It is injective, because the map π × is surjective. In more detail, suppose that ( π × ) * σ = 0. Then 0 = σ π × (p, α) for every (p, α) ∈ T × S 1 . Hence σ = 0, since π × is surjective. Thus ( π × ) * is injective, because it is linear mapping. Next we show that ( π × ) * is surjective.
be a smooth section of the line bundle ρ × . If σ is Z 2 -invariant, then the smooth complex valued function z :
for every (p, α) ∈ T × S 1 . To see this we argue as follows. By definition σ is Z 2 -invariant if and only if ν * σ = σ, that is, for every (p, α) ∈ T × S 1 we have z(ζ(p, α), (p, α) = z(p, α), (p, α) . Consequently, z(ζ(p, α)) = z(p, α) for every (p, α) ∈ T × S 1 . The smooth Z 2 -invariant function z on T * S 1 induces a smooth function z on the Z 2 -orbit space
Then σ is a smooth section of L × , whose pull back by π × is the smooth section σ.
BSH quantization of the reduced system
In this section we quantize the Z 2 -reduced system using the quantum line bundle ρ × :
First we determine the Bohr-Sommerfeld quantization rules for the Z 2 -reduced Hamiltonian system
, which is a polarization of ( P × , ω × ). A leaf of D is a connected component of a level set H −1 (e) of the Z 2 -reduced Hamiltonian H| P × on P × , which is a smooth S 1 when e ∈ (0, 2) ∪ (2, ∞). On smooth sections of the C × -bundle ρ × define a connection, whose covariant derivative ∇, in the direction of the smooth vector field X on P × , acting on the section λ 0 is given by ∇ X λ 0 = − i (X θ × ) λ 0 . Since an arbitrary smooth section λ of the C × bundle ρ × may be written as λ = f λ 0 , where f : P × → C × is a smooth nowhere vanishing function on P × , we get
Let γ : R → P × be an integral curve of X H of energy e ∈ (0, 2) ∪ (2, ∞). Then γ is periodic of primitive period T = T (e) > 0. Also γ parametrizes the smooth level set H −1 (e). Parallel transport the section λ of the C × -bundle ρ along γ using the connection ∇. Then at every point γ(t) in H −1 (e) we have
where F (t) = f (γ(t)). For equation (54) to have a nonvanishing solution
the holonomy A( T ) of the connection ∇ along γ must equal 1, because
In other words, when e ∈ (0, 2) ∪ (2, ∞) the Bohr-Sommerfeld quantization rule for the Z 2 -reduced Hamiltonian system ( H| P × , P × , ω × ) is
where I is the action (48) of the Z 2 -reduced system.
For every positive integer k, let σ k be a nowhere zero section of the line bundle L, which is supported and covariantly constant on the level set I −1 (kh).
The collection { σ k } k∈Z ≥0 is an orthonormal basis of the Hilbert space H of quantum states of the Z 2 -reduced Bohr-Sommerfeld quantized mathematical pendulum.
Since the basic quantum states { σ k } k∈Z ≥0 are ordered by k, there are shifting operations σ k → σ k−1 for k ∈ Z ≥1 and σ k → σ k+1 for k ∈ Z ≥0 . We now describe these shifting operations as shifting operators on H. As in §3, the quantum operators Q e ∓i ϑ and Q I corresponding to the functions e ∓i ϑ and I, respectively, obey the quantization rules [Q e ∓i ϑ ,
Consequently, for some complex constant c k we have the shifting operators
The trouble is that the operators Q e ∓i ϑ and Q I are not defined on the Hilbert space H. We have to modify the functions e ∓i ϑ and I so that they are smooth on all of the reduced space P . This we do as follows. The reduced energy level H −1 (2) separates P × into two open pieces: P × 0 = {τ ∈ P × 0 < H(τ ) < 2} and P × + = {τ ∈ P × 2 < H(τ )}. The reduced action I is smooth on P × 0,+ and is continuous on the Z 2 -orbit space P . The reduced angle function ϑ is not defined when e = 0 or 2. Let r 0 : [0, ∞) → R : e → r 0 (e) be a smooth function, which is positive on (0, ∞) \ {2}, vanishes together with all its derivatives at 0 and 2. The functions √ r 0 e ∓i ϑ and √ r 0 I are globally defined smooth functions on the differential space P , C ∞ ( P ) . These functions satisfy the bracket relations
which vanish together with all their derivatives at e = 0 and e = 2. On the Hilbert space H we define the quantum shifting operators Q r 0 e −i ϑ σ k = r 0 (e k ) σ k−1 and Q r 0 e i ϑ σ k = r 0 (e k+1 ) σ k+1 . These shifting operators are consistent with Dirac's quantization rule. Thus we have quantized the full singular reduced Hamiltonian system H| P , P , C ∞ ( P ), { , } P .
Reconstruction
In this section we lift the quantization of the Z 2 -reduced system using the quantum line bundle ρ × to the phase space of the mathematical pendulum H, T × S 1 , ω|T × S 1 .
Using the Z 2 -orbit mapping π × :
to commute. Setting = id C × × π × and ρ × z, (p, α) = (p, α), we see that diagram 2 commutes. Thus the pulled back
• π × for every smooth function f : P × → C × , we call the section λ × = * (λ × 0 ) of the C × -bundle ρ × the pull back by the mapping π × of the section λ × = f λ × 0 of the C × -bundle ρ × . We denote the pulled back section by ( π × ) * λ × . The mapping T × S 1 → T (T × S 1 ) : (p, α) → span{X H (p, α)} defines a smooth Lagrangian distribution D on the symplectic manifold (T × S 1 , ω|T × S 1 ), which is a polarization of (T × S 1 , ω|T × S 1 ). A leaf of D is a connected component of a level set H −1 (e) of the Hamiltonian H on T × S 1 , which is a smooth S 1 when e ∈ (0, ∞). On smooth sections of the C × -bundle ρ × define a connection, whose covariant derivative ∇ × , in the direction of the smooth vector field X on T × S 1 , acting on the section λ
Suppose that X is a smooth vector field on P × , which is π × -related to the vector field X, that is,
Proof. Equation (56) follows because by definition
which implies (56) since π × is surjective.
Let Γ : R → P × be an integral curve of X H of energy e ∈ (0, 2)∪(2, ∞). Then Γ is periodic of primitive period T = T (e) > 0. Moreover, Γ parametrizes the level set H −1 (e). An argument similar to the one given in §3.2 gives the Bohr-Sommerfeld quantization rule
Relation between the quantizations
We now compare the Bohr-Sommerfeld rules for the reduced and unreduced mathematical pendulum.
Observe that when e ∈ (0, 2) the lift of the closed curve Γ, which parametrizes H −1 (e), by the Z 2 -orbit mapping π × is the curve γ|[0, T ], where γ is an integral curve of X H that parametrizes H −1 (e). The curve γ|[0, T ] is not closed. Since T (e) = 2 T (e) is the period of γ for every e ∈ (0, 2), it follows that γ = 2Γ. For every e ∈ (0, 2) we get
For every e ∈ (2, ∞) the lift of Γ, which parametrizes H −1 (e), is the curve γ, which is closed and parametrizes a connected component of H −1 (e). Thus T (e) = T (e). For every e ∈ (2, ∞) we get
In other words, the Bohr-Sommerfeld quantum states of the Z 2 -reduced mathematical pendulum reconstruct to the quantum states of the mathematical pendulum with even quantum number and support in T × S 1 ∩ {p ≥ 0}. So the reduced shift operators reconstruct to shift operators which act only on the sections with support C + (e) and with even quantum number. Thus the shift operators are defined on the even unreduced quantum spectrum with support contained in T × S 1 ∩ {p ≥ 0}, which corresponding to a positive energy not equal to 2.
−1 representation and quantization
Extend the Z 2 -action on T * S 1 generated by ζ (44) to a Z 2 -action * on the complex line bundle ρ :
Since this action corresponds to multiplication by −1, it is called the −1-representation of Z 2 -on C. Given a smooth section σ :
its pull back by η is the smooth section
Let Γ(ρ) be the complex vector space of all smooth sections of the line bundle L. Using (58) we see that η * :
Fact 13 An even section under the Z 2 -action * generated by η (58) is an odd section under the Z 2 -action · generated by ν (52).
Proof. Let σ be a smooth section of L and suppose that η * σ = σ, that is, σ is an even section under the Z 2 -action * .
Suppose that ν * σ = −σ, that is, σ is an odd section under the Z 2 -action ·. Then for every (p, α) ∈ T * S 1 we have
which is the same as (59).
Some spaces related to the * action
, has an algebra of real analytic invariant functions generated by
which satisfy the relations
is the orbit mapping of the Z 2 -action * on L.
We want to determine the singular points of the variety P. Differentiating F shows that DF (τ, σ) is equal to
By definition (τ, σ) ∈ P is a singular point of P if and only if rank DF (τ, σ) ≤ 4. Let P sing and P reg be the subvarieties of singular and nonsingular points of P, respectively.
The following argument shows that if τ ∈ P × , σ = (σ 1 , σ 2 , σ 3 ) = 0 = (0, 0, 0), and ρ 1 = 0, then (τ, σ, σ 4 , σ 5 ) ∈ P reg . Since τ ∈ P × , the first row of DF (τ, σ) is nonzero. Since σ = 0, the second row of DF (τ, σ) is nonzero. Inspection shows that the first two rows of DF (τ, σ) are linearly independent. Since ρ 1 = 0 the [345; 456] minor of DF (τ, σ) is ρ 3 1 = 0. Thus rk DF (τ, σ) = 5. So (τ, σ) ∈ P reg , the set of nonsingular points of P. In other words, A = {(τ, σ) ∈ P τ ∈ P × & σ = 0 & ρ 1 > 0} ⊆ P reg . Now suppose that ρ 1 = 0. Then σ 4 = σ 5 = 0. So the 3 rd and 4 th rows of DF (τ, σ) are linearly dependent. Hence rk DF (τ, σ) ≤ 4. Thus (τ, σ) ∈ P sing , the set of singular points of P. When σ 1 = 0, we see that σ 3 = σ 4 = 0. So the 2 nd and 3 th rows of DF (τ, σ) are linearly dependent. Thus τ, (0, σ 2 , 0, 0, σ 5 ) ∈ P sing . When σ 2 = 0, then σ 3 = σ 5 = 0. So the 2 rd and 4 th rows of DF (τ, σ) are linearly dependent. Thus τ, (σ 1 , 0, 0, σ 4 , 0) ∈ P sing . If τ ∈ P sing , then the 1 st row of DF (τ, σ) is zero. Hence (τ, σ) ∈ P sing . If σ = 0, then the 2 nd row of DF τ, (0, σ 4 , σ 5 ) is zero. Hence τ, (0, σ 4 , σ 5 ) ∈ P sing . Thus B = {(τ, σ) ∈ P τ ∈ P sing or σ = 0 or σ 4 = σ 5 = 0} ⊆ P sing . From A ∩ B = ∅, P reg ∩ P sing = ∅, A ∪ B = P reg ∪ P sing , and A ⊆ P reg , B ⊆ P sing we have proved Fact 14 A = P reg and B = P sing .
Recall that P is the Z 2 -orbit space T * S 1 /Z 2 . As a subset of R 3 with coordinates (τ 1 , τ 2 , τ 3 ), where τ i are the invariants, the variety P is defined by
Moreover, P is connected, as the set of singular points of P is {(1, 0, 0), (−1, 0, 2)}. Let P ∨ = P \ {τ ∈ P τ 1 + τ 3 − 1 = 0}. Then P ∨ is a connected smooth manifold contained in P × , which is diffeomorphic to S 1 × R.
Corollary 15
The image of the set
Proof. First observe that the Z 2 action * (58) on L leaves L ∨ invariant. Because (0, 0), (0, 0) and (0, 0), (0, π) are the only points with nontrivial isotropy group and these points do not lie in L ∨ , it follows that Z 2 -acts freely on L ∨ . Thus the orbit space ς(L ∨ ) is a smooth manifold.
We now show that ς( 
Note that the mapping µ ∨ : P ∨ → P ∨ : (τ, σ) → τ exhibits P ∨ as a "bundle" over P ∨ .
Let R be the semialgebraic variety in R 5 = R 3 × R 2 with coordinates (τ, ν) defined by
We can be more precise. The mapping
with inverse
on each fiber is a diffeomorphism with inverse
The * reduced sections
Diagram 4.
In the geometrically quantized mathematical pendulum we have a
Fact 16
The covariant derivative ∇ commutes with the Z 2 -action * on the set of smooth nowhere vanishing sections of L.
Proof Using the generator η (52) of the Z 2 -action * on L the fact follows because
which implies
for every smooth nowhere vanishing function f : T * S 1 → C × . The minus sign in the first equality in the second row above follows from (66); whereas the second equality in the second row is obtained by the following argument.
Suppose that σ : T * S 1 → L is a smooth nowhere vanishing section of the bundle ρ : L → T * S 1 : z, (p, α) → (p, α). Then there is a smooth nowhere vanishing function z : T * S 1 → C * such that σ = z λ 0 , that is,
by definition of the action * on sections of L
Suppose that σ ∨ : P ∨ → P ∨ is a smooth section of the bundle µ ∨ :
, and conversely. Thus a smooth nowhere vanishing section of the C × -bundle ρ ∨ over P ∨ gives rise to a unique Z 2 -invariant smooth nowhere vanishing section of the C × -bundle ρ ∨ over T ∨ S 1 , and conversely.
The smooth section σ ∨ pushes forward under the bundle isomorphism Θ to a smooth section σ :
The following argument determines the pull back under the bundle mapping
∨ of the smooth section σ of the bundle ρ ∨ . First we determine the smooth section σ ∨ = Θ * σ of the bundle µ ∨ : P ∨ → P ∨ given the smooth section σ :
given nowhere vanishing smooth function on P ∨ and ν(τ ) = ν 1 (τ ), ν 2 (τ ) . From the definition of the mapping Π (65) we find that
where ν :
is a smooth nowhere vanishing Z 2 -invariant section. Here z :
is smooth, nowhere vanishing, Z 2 -invariant function, which induces the smooth function z : P ∨ → C × : τ → ν(τ ). In other words,
Since diagram 4 followed by diagram 3 is a commutative diagram, the map (Θ • ς ∨ ) * is the pull back by π × . Consequently,
is a bijective C-linear mapping of the space of smooth nowhere vanishing sections of the trivial C × bundle ρ ∨ over P ∨ into the space of smooth nowhere vanishing Z 2 -invariant sections of the trivial C × -bundle ρ ∨ over T ∨ S 1 .
Proof. We need only show that the linear mapping ( π ∨ ) * is bijective. This follows immediately from the fact that the linear mapping ( ρ ∨ ) * :
BSH quantization of the * reduced system
In this section we quantize the Z 2 -reduced system (
First we construct a connection on the space of smooth sections of ρ ∨ . The connection ∇ on the sections of the trivial C × bundle ρ over T * S 1 restricts to a connection ∇ ∨ on the space of smooth sections of ρ ∨ = ρ|T ∨ S 1 given by
Because ∇ ∨ commutes with the generator η * of the Z 2 -action on Γ(ρ ∨ ), it induces a connection ∇ ∨ on the space of smooth sections of the trivial
In other words, the pull back of ∇ ∨ by the
We now determine the Bohr-Sommerfeld quantization rules for the Z 2 -reduced system ( H ∨ , P ∨ , ω ∨ ). When 0 < e < 2 we obtain
The second equality above follows because
Consequently, I
∨ is equal to the action I (55) of the Z 2 -reduced system ( H, P × , ω × ). When e > 2 we have ( H ∨ ) −1 (e) = ( H) −1 (e) and θ × = θ ∨ . So I ∨ = I.
For every positive integer k let σ ∨ k be a smooth section of the quantum bundle ρ ∨ : L ∨ → P ∨ , which is supported and covariantly constant on (
is an orthogonal basis of a Hilbert space H ∨ of quantum states of the Z 2 -reduced mathematical pendulum using the quantum line bundle ρ ∨ with connection ∇ ∨ .
Since the quantum states { σ ∨ k } k∈Z ≥0 are ordered by increasing k, there are shifting operators σ
Restrict these coordinates to P ∨ . In other words,
is an open subset of P × , we have
Because of (68) the quantum operators Q e ±i ϑ ∨ and Q I ∨ obey the quantization rule
Thus for some complex constant c k we obtain the quantum shifting operators
The function ϑ ∨ is smooth on 2) ) and is locally smooth but multivalued on
The functions e ∓i ϑ ∨ are smooth on all of P ∨ . However I ∨ is not a smooth function on P ∨ . Therefore the quantum operator Q I ∨ does not map the Hilbert space H ∨ into itself. We remedy this difficulty as follows. Let r 0 : [0, ∞) → [0, ∞) : e → r 0 (e) 2 Observe that ( I ∨ , ϑ ∨ ) are not action angle coordinates on P ∨ , because the vector field X I ∨ has integral curves on P ∨ which are not closed.
be a smooth function, which vanishes to infinite order at 0 and 2. Then the functions √ r 0 e ∓i ϑ ∨ and √ r 0 I ∨ are smooth on all of P ∨ and satisfy the bracket relation { r 0 e ∓i ϑ ∨ , r 0 I ∨ } P ∨ = ∓ r 0 e ∓i ϑ ∨ .
On the Hilbert space H ∨ define the quantum shifting operators These quantum shifting operators are consistent with Dirac's quantization rule. This completes the BSH quantization of the Z 2 -reduced system ( H ∨ , P ∨ , ω ∨ ) with quantum line bundle ρ ∨ .
Relation between the quantizations
We now compare the Bohr-Sommerfeld quantization rules for the Z 2 -reduced mathematical pendulum with quantum line bundle ρ ∨ with those for the mathematical pendulum on T × S 1 with quantum line bundle ρ × and Z 2 -symmetry * (58).
When e ∈ (0, 2) observe that the lift of the curve Γ ∨ : (0, T ) → P ∨ with lim t 0 Γ ∨ (t) = (e, 0, 1 − e) = lim t T Γ ∨ (t), which parametrizes (H ∨ ) −1 (e),
by the Z 2 -orbit mapping π ∨ is the curve γ|(0, T ). Here γ is an integral curve of X H on T * S 1 , which parametrizes H −1 (e) with lim t 0 γ(t) = ( √ 2e, 0) and lim t T γ(t) = (− √ 2e, π). The curve γ|(0, T ) is not closed. Since T =
T (e) = 2 T (e) = 2 T is the period of γ for every e ∈ (0, 2), it follows that
In other words, the Bohr-Sommerfeld number of horizontal lift γ of γ in L × is 2M . Consequently, γ is a closed curve. The positive integer 2M is equal to the number of points in γ, which lie on distinct Z 2 orbits of the action · on the C × -bundle ρ × : L × → T × S 1 . But (H ∨ ) −1 (e) = H −1 (e) \ {γ(0), γ( T )} and {γ(0), γ( T )} ⊆ ( π ∨ ) −1 ({τ 3 + τ 1 − 1}) = T * S 1 \ {p = 0}.
In particular, z(γ(0)), γ(0) and z(γ( T )), γ( T ) are a pair of points on L × , which form an orbit of the Z 2 -action · on L × generated by λ : T × S 1 → T × S 1 : z, (p, α) → z, (−p, −α) , since z(γ(0)) = z(γ( T )). So the BohrSommerfeld number of the orbit γ ∨ = γ|(0, T ) is 2M − 1, which is odd.
Now we take care of the case when e > 2. Using the fact that the shifting operators of the Z 2 -reduced system ( H × , P × , ω × ) with quantum line bundle ρ × correspond to the shifting operators on (H × = H|T × S 1 , T × S 1 , ω × ) with line bundle ρ × , which shift the Bohr-Sommerfeld number by 2, we see that reconstruction of the Z 2 -reduced system ( H ∨ , P ∨ , ω ∨ ) with quantum line bundle L ∨ recovers the odd quantum spectrum of the mathematical pendulum.
We now discuss the behavior of the closed curve γ in L × , which is the horizontal lift of the closed curve γ on T × S 1 under the covariant derivative ∇ × , under the Z 2 -action generated by η : L × → L × : z, (p, α) → − z, (−p, −α) . The image of γ is {(p, α) ∈ T × S 1 1 2 p 2 − cos α + 1 = e}. The Z 2 -symmetry of the mathematical pendulum is generated by ζ : T * S 1 → T * S 1 : (p, α) → (−p, −α). Clearly the image of γ is Z 2 -invariant. Setting p = 0, we get 1 − cos α = e, which has solutions α + and α − = −α + . We parmetrize γ, and hence its horizontal lift, by α. So γ(α) = p(α), α and γ(α) = z(α), (p(α), α) for α ∈ [−α + , α + ]. Thus γ is a section of L × .
Suppose that for some α 0 ∈ [−α + , α + ] we have z(γ(−α 0 ) = −z(γ(α 0 )). 3 Then γ(−α 0 ) = z(γ(−α 0 )), γ(−α 0 ) − z(γ(α 0 )), ζ γ(α 0 ) = η * γ(α 0 ) .
So { γ(α 0 ), γ(−α 0 )} is an orbit of the Z 2 -action generated by η on L × . Conversely, if γ(−α 0 ) = η * γ(α 0 ) , then z(γ(−α 0 )) = −z(γ(α 0 )). Since γ is the horizontal lift of γ, it follows that z(γ(α 0 )) is obtained from z(γ(−α 0 )) by parallel translation along γ. Using equation (11) we obtain
2(e − (1 − cos α)) dα = (2m − 1)h, (69) 3 Because γ is assumed to be closed, we have z(γ(−α0)) = z(γ(α0)). If α0 = ±α + , then −z(γ(α0)) = z(γ(−α0)) = z(γ(α0)), which implies that z(γ(α0) = 0. But this contradicts the fact that γ is a nowhere vanishing section of L. Therefore α0 = ±α + .
for some integer m. The last equality follows because the hypothesis z(γ(−α 0 )) = −z(γ(α 0 )) implies that ln z(γ(α 0 )) z(γ(−α 0 )) = ln(−1) = (2m − 1)πi, for some integer m. Since α 0 ∈ (−α + , α + ) and 2(e − (1 − cos α)) > 0 on (−α + , α + ), equation (69) implies that 0 ≤ 2m − 1 ≤ n. Thus there are at most 1 2 (n + 1) distinct Z 2 orbits of the action * on the image of γ. We now prove Claim 18 Let n be the Bohr-Sommerfeld integer of the closed horizontal curve γ on the C × -bundle L × . The number of distinct pairs of points on the image of γ that lie on an orbit of the Z 2 -symmetry of L × generated by η is Thus the Bohr-Sommerfeld integer n is the number of pairs of points in the image of γ that lie on an orbit of the Z 2 -symmetry generated by η.
Using the construction before the claim and the claim we find that the quantum number M of the level set ( H ∨ ) −1 (e) of the Z 2 -reduced system with quantum line bundle ρ ∨ equals
, which is the number of Z 2 -orbits on γ of the Z 2 -action * on L × .
Concluding Remarks
The energy level H −1 (2) separates our phase space T * S 1 into three open subsets P 0 , P + and P − ; see equation (15) . In §3, we constructed operators Q r 0 e ±iϑ , which act as shifting operators on the basic sections σ n with supports contained in P 0 but vanish on the basic sections of σ ± 2m that are support in P ± . Similarly, we have constructed operators Q r + e ±iϑ , and Q r − e ±iϑ , which act as shifting operators on the basic sections supported in P + or P − , respectively, but vanish on the remaining sections of our basis. We have also constructed an operator Q ζ that vanishes on the basic sections supported in P 0 and maps σ ± 2m to σ ∓ 2m . In §4.3, we have discussed the Bohr-SommerfeldHeisenberg quantization of the Z 2 -reduced phase space, which gives rise to shifting operators Q r 0 e ±iθ that act on the basisσ k of the representation spacẽ H. In §4.4, we showed that the operators Q r 0 e ±i ϑ reconstruct to operators Q r 0 e ±i ϑ that act as shifting operators on the basic sections with even quantum numbers. In this way, we have obtained a family of operators that allow for transitions between any pair of basic sections.
